Abstract. In this paper, we investigate the curvature relations between Kähler metrics and background Riemannian metrics. We prove that Siu's strongly non-positivity (resp. non-negativity) is equivalent to the non-positivity (resp. non-negativity) of the complex sectional curvature of the background Riemannain metric; the semi-dual-Nakano-positivity (resp. the semi-dual-Nakano-negativity) implies the non-negativity (resp. non-positivity) of the Riemannian curvature operator. As applications, we show that the moduli space (Mg, ωW P ) of curves with genus g > 1 has non-positive Riemannain curvature operator and also non-positive complex sectional curvature. We also prove that any submanifold in Mg which is totally geodesic in Ag with finite volume must be a ball quotient.
Introduction
Various curvature properties of manifolds are of fundamental importance in differential geometry. On Riemannian manifolds, the relations among various curvature properties are well studied, for example, one can find a nice relation table in [Brendle11, p.100] . The relations between curvatures defined by Kähler metrics are also clear. However, many curvature relations between the Kähler context and Riemannian context seem to be mysterious. In this paper, we investigate the curvature relations between Kähler metrics and background Riemannian metrics, and then use these curvature properties to study the geometry of moduli space of curves. At first, we shall describe some key curvature relations briefly( for a complete table, see Section 6.1).
Theorem 1.1. If (X, g) is a Kähler manifold with semi dual-Nakano-positive curvature (resp. semi dual-Nakano-negative curvature), then its background Riemmanian curvature operator is non-negative (resp. non-positive).
1
The non-positivity of the Riemannian curvature operator of (M g , ω W P ) is obtained in [Wu] recently.
Next we shall describe another application of the curvature properties of (M g , ω W P ). Denote by A g the moduli space of principally polarized abelian varieties of dimension g and denote by (1.1) j : M g → A g
the Torelli map associating to a curve its Jacobian with its natural principal polarization. We denote by Jac g the image j(M g ) and let Jac g , the so-called Torelli locus, be the schematic closure of Jac g in A g . Frans Oort asked in [Oort95, Section 7] whether there exists any locally symmetric subvariety of A g which is contained in Jac g and intersects Jac g , and he conjectured that nontrivial such subvarieties do not exist. This conjecture is extensively studied in the last decade by using algebraic geometry methods. In this paper, we use a differential geometry approach and obtain the following Theorem 1.5. Let J : (M g , ω W P ) → (A g , ω H ) be the Torelli map. Let V be a submanifold in M g with j(V ) totally geodesic in (A g , ω H ). If j(V ) has finite volume, they V must be a ball quotient. In particular, any compact submanifold V in M g with j(V ) totally geodesic in (A g , ω H ) must be a ball quotient.
Remark 1. 6 . By using algebraic geometry methods, Hain ([Hain99, Theorem 1]) and de Jong-Zhang ([deJ-Zhang07, Theorem 1.1]) proved similar results under certain conditions. See also [MVZ05] and [Lu-Zuo] . For more progress on Oort's conjecture, we refer the reader to two excellent surveys [Oort95, .
As a special case, we show that there is no higher rank locally symmetric space in M g : Corollary 1.7.
Let Ω be an irreducible bounded symmetric domain and Γ ⊂ Aut(X) be a torsion-free cocompact lattice, X := Ω/Γ. Let h be the canonical metric on X. If there exists a nonconstant holomorphic mapping f : (X, h) → (M g , ω W P ), then Ω must be of rank 1, i.e. X must be a ball quotient.
As an example, we show that the Kodaira surfaces locally immersed in the Teichmüller space T g,1 has very special curvature properties. A Kodaira surface is defined to be a smooth compact complex surface X admitting a Kodaira fibration, that is, there exists a connected fibration π : X → C over a smooth compact Riemann surface C such that π is everywhere of maximal rank, and the associated Kodaira-Spencer map at each point is non-zero. By a result of [BHPV04] , every Kodaira surface X is projective. Moreover, the base C and fibers X t = π −1 (t) are Riemann surfaces with genus ≥ 2. It is well-known, Kodaira surfaces have "certain" negative curvature property. For example they have ample cotangent bundles( [Schneider86] ) and admit Kähler metrics with negative holomorphic sectional curvature ([Cheung89] ). In [Tsai89] , Tsai proved that some Kodaira surfaces can admit Kähler metrics with negative holomorphic bisectional curvature. By the work of Wolpert it is well known that any Kodaira surface has a Kähler metric which is induced from Weil-Petersson metric the moduli space M g,1 of punctured Riemann surfaces of type (g, 1). This metric has negative holomorphic bisectional curvature. Note that for a compact Kähler manifold with positive holomorphic bisectional curvature, by Siu-Yau's proof of Frankel conjecture( ), it must be biholomorphic to P n . It is well-known that, P n has strictly positive Riemannian sectional curvature. Moreover, the curvature of T P n has strongest positivity, i.e. semi-Nakanopositivity and dual-Nakano-positivity(Lemma 2.4). It is natural to ask a deeper question whether any Kodaira surface admits a Kähler metric with negative Riemannian sectional curvature. In contrast with the P n case, one can ask more, whether any Kodaira surface admits a Kähler metric with dual-Nakano negative curvature. Unfortunately, the answers are negative. Moreover, Proposition 1.8. Let X be a Kodaira surface. Let h be the naturally induced metric from the Teichmüller space (T g,1 , ω W P ) with g ≥ 2.
(1) (X, h) has negative holomorphic bisectional curvature; (2) (X, h) is semi-Nakano-negative; However, X can not admit a Kähler metric with any of the following curvature properties:
(1) weakly 1 4 -pinched negative Riemannian sectional curvature; (2) semi dual-Nakano-negative curuvature; (3) non-positive Riemannian curvature operator; (4) strongly non-positive curvature in the sense of Siu; (5) non-positive complex sectional curvature; (6) non-positive Riemannian sectional curvature; Acknowledgement. The third named author would like to thank Valentino Tosatti for many helpful suggestions.
Curvature relations on vector bundles
Let E be a holomorphic vector bundle over a Kähler manifold X and h a Hermitian metric on E. There exists a unique connection ∇ which is compatible with the metric h and the complex structure on E. It is called the Chern connection of (E, h). Let {z i } n i=1 be the local holomorphic coordinates on X and {e α } r α=1 be a local frame of E. The curvature tensor R ∇ ∈ Γ(X, Λ 2 T * X ⊗ E * ⊗ E) has the form (2.1)
Here and henceforth we adopt the Einstein convention for summation. 
(E, h) is said to be Nakano-positive, if for any nonzero vector u = u iα ∂ ∂z i ⊗e α ,
The notions of semi-positivity, negativity and semi-negativity can be defined similarly. We say E is Nakano-positive (resp. Griffiths-positive, dualNakano-positive, · · · ), if it admits a Nakano-positive(resp. Griffiths-positive, dual-Nakano-positive, · · · ) metric.
Remark 2.2.
(1) It is easy to see that (E, h) is dual-Nakano-positive if and only if (E * , h * ) is Nakano-negative. (2) Both Nakano-positivity and dual-Nakano positivity imply Griffiths positivity.
Example 2.3.
(1) The Hermitian holomorphic tangent bundle T P n of (P n , ω F S ) with is dual-Nakano-positive and semi-Nakano-positive; (2) the dual bundle T * P n is Nakano-negative and semi-dual-Nakanonegative. In fact, in the normal coordinates of a given point on P n , the curvature tensor of (T P n , ω F S ) is (2.6)
It is easy to verify the assertion from the following identities
(1) (T P n , ω F S ) is dual-Nakano-positive and semi-Nakano-positive.
(2) Let X be a hyperbolic space form with dimension n. If ω B is the canonical metric on X, then (T X, ω B ) is dual-Nakano-negative and semi-Nakano-negative. (3) For any n-dimensional compact Kähler manifold X, the holomorphic tangent bundle T X is neither Nakano-positive nor Nakano-negative.
Proof. The assertion (3) follows from Nakano-vanishing theorem ([Demailly, p.342]) and Serre duality. If (X, g) has Nakano-positive curvature, then
But Serre duality, we see
which is a contradiction, since X is Kähler. If (M, g) has Nakano-negative curvature, then
which is a contradiction.
Lemma 2.5. Let (E, h) be a Hermitian holomorphic vector bundle over a complex manifold X, S be a holomorphic subbudle of E and Q the corresponding quotient bundle.
Proof. This lemma is well-known(e.g. [Demailly] ). For the sake of completeness, we include a proof here. It is obvious that (2) is the dual of (1). Let r be the rank of E and s the rank of S. Without loss of generality, we can assume, at a fixed point p ∈ X, there exists a local holomorphic frame {e 1 , · · · , e r } of E centered at point p such that {e 1 , · · · , e s } is a local holomorphic frame of S. Moreover, we can assume that
Hence, the curvature tensor of S at point p is
where 1 ≤ α, β ≤ r. By formula (2.4), it is easy to see that
is semi-Nakano-positive. Hence (1) follows.
Example 2.6. The following example shows that, in the exact sequence 0 → S → E → Q → 0, the semi-Nakano positivity of E can not imply semi-Nakano positivity of Q. Let n ≥ 2. Consider the exact sequence 0
(1) C n is semi-Nakano-positive and semi-Nakano-negative.
(2) Example 2.3 shows that, T P n ⊗ O P n (−1) is neither semi-Nakanopositive nor semi-Nakano-negative.
3. Curvature relations on Kähler manifolds 3.1. Curvatures on Riemannian manifold. Let (M, g) be a Riemannian manifold with Levi-Civita connection. The curvature ternsor is defined as
for any X, Y, Z ∈ Γ(M, T M ). In the local coordinates {x i } of M , we adopt the convention:
The curvature operator is
Note here, we change the order of Z, W in the full curvature tensor. For Riemannain sectional curvature, we use
for any linearly independent vectors X and Y . Let (M, g) be a Riemannian manifold. T C M := T M ⊗ C is the complexification of the real vector bundle T M . We can extend, the metric g and ∇ to T C M in the C-linear way and still denote them by g and ∇.
Definition 3.1. Let (M, g) be a Riemannian manifold and R be the complexified Riemmanian curvature operator. We say (X, g) has non-positive (resp. non-negative) complex sectional curvature, if
for every pairs of vectors v, w ∈ T C M which span an isotropic 2-plane.
It is obvious that non-positivity (resp. non-negativity) of complex sectional curvature implies non-positivity (resp. non-negativity) of isotropic curvature.
Curvature relations on Kähler manifolds.
In the seminal paper [Siu80] , Siu introduced the following terminology:
Definition 3.4. Let (X, g) be a compact Kähler manifold. (X, g) has strongly negative curvature(resp. strongly positive) if
the identity in the above inequality holds if and only if
for any i, j.
Remark 3.5.
(1) Since (X, g) is Kähler, we see that R ijkℓ = R iℓkj , the dual-Nakano-positivity (resp. dual-Nakano-negativity) of (X, g) implies strongly positivity (strongly negativity) in the sense of Siu.
(2) Strongly negativity (resp. Strongly positivity) in the sense of Siu implies negativity (resp. positivity) of Riemannian sectional curvature; (3) Negativity (resp. Positivity) of Riemannian sectional curvature implies negativity (resp. positivity) of holomorphic bisectional curvature. (4) Note that if dim C X = 2, the dual-Nakano negativity (resp. dualNakano-positivity) is equivalent to the strongly negativity (resp. strongly positivity) in the sense of Siu. Corollary 3.6. Let (S, g) be a complex submanifold of (X, g) with the induced metric g.
(1) If (X, g) has negative holomorphic bisectional curvature (resp. nonpositive holomorphic bisectional curvature), then (S, g) has negative holomorphic bisectional curvature (resp. non-positive holomorphic bisectional curvature). (2) If (X, g) is semi-Nakano-negative, then so is (V, g).
Proof. It follows from Lemma 2.5.
Similarly, Corollary 3.7. Let (Q, g) be a Kähler manifold such that tangent bundle T Q is a holomorphic quotient bundle of the tangent bundle T X of (X, g) and g is induced from g.
(1) If (X, g) has positive holomorphic bisectional curvature (resp. nonnegative holomorphic bisectional curvature), then (Q, g) has positive holomorphic bisectional curvature (resp. non-negative holomorphic bisectional curvature).
) is strongly positive (resp. strongly non-negative) in the sense of Siu, then (Q, g) is also strongly positive (resp. strongly nonnegative) in the sense of Siu.
Theorem 3.8. Let (X, g) be a Kähler manifolds. Then g is a metric with strongly non-negative curvature (resp. strongly non-positive curvature) in the sense of Siu if and only if the complex sectional curvature is non-negative (resp. non-positive).
Proof. Let Z, W ∈ T C X. In local holomorphic coordinates {z i } of X, we can write
We can compute (3.8)
It has sixteen terms, but it is well-know that on a Kähler manifold
and their conjugates are also zero, i.e.
Since g is Kähler, by Bianchi identity, we see
Similarly, we have R ijkℓ = 0.
Hence (3.8) only contains four nonzero terms, i.e.,
Therefore, the theorem follows from (3.5) and (3.7).
Remark 3.9. If (X, g) is strongly positive in the sense of Siu, then R ijkℓ A iℓ · A jk = 0 is equivalent to
for all i, j, and it is also equivalent to
Corollary 3.10. Let (X, g) be a Kähler manifold with semi-dual-Nakanonegative curvature, then the complex sectional curvature is non-positive. In particular, the moduli space (M g , ω W P ) with g ≥ 2 has non-positive complex sectional curvature.
Theorem 3.11. If (X, g) is a Kähler manifold with semi dual-Nakanopositive curvature (resp. semi dual-Nakano-negative curvature ), then its background Riemmanian curvature operator is non-negative (resp. nonpositive).
Proof. Let z i = x i + √ −1y i be the local holomorphic coordinates centered at a given point. Then from the relation
Considering the background Riemannian manifold, any vector V in Λ 2 T R X can be written as
In the coordinates {z i , z i }, we have
Next, by the relation
∂ ∂z ℓ = 0; and also their conjugates are all zero, we obtain
Note that E ij is real and skew-symmetric; F ij is real and symmetric. Hence, by the curvature property
On the other hand R ijkℓ is skew-symmetric in the pair (i, j) and also (k, ℓ), we see
Therefore,
where in the last step we use the fact that E kj is real and skey-symmetric. Now, we see that if (X, g) is semi-dual-Nakano-positive (resp. semi dualNakano-negative), then the Riemannain curvature operator is non-negative (resp. non-positive). 
is a compact Kähler manifold with dimension n. Let (E, h E ) → X be a Hermitian holomorphic vector bundle. Consider the space of holomorphic E-valued (n, 0)-forms on X s ,
where E s = E| Xs . It is well-known that, if the vector bundle E is "positive" in certain sense, there is a natural holomorphic structure on
such that E is isomorphic to the direct image sheaf f * (K X /S ⊗ E). Using the canonical isomorphism K X /S | Xs ∼ = K Xs , a local smooth section u of E over S can be identified as a holomorphic E-valued (n, 0) form on X s . By this identification, there is a natural metric on E. For any local smooth section u of E, one can define a Hermitian metric on E by
where c n = ( √ −1) n 2 . Here, we only use the Hermitian metric of E s on each fiber X s and we do not specify background Kähler metrics on the fibers.
In particular, we consider a canonically polarized family f : X → S. Now we can define the Hodge metric on E = f * (K 
By this identification, for any local smooth sections s α , s β of f * (K ⊗m X /S ), we can define the Hodge metric on f * (K ⊗m X /S ) by
Xt s α , s β Lt where •, • Lt is the sesquilinear pairing on Ω n,0 (X t , L t ). More precisely, if s α = ϕ α ⊗ e and s β = ϕ β ⊗ e, where e is a local holomorphic basis of L t and ϕ α , ϕ β are local (n, 0) forms on X t , the pairing is
where |e| 2 Lt is the canonical metric on L t . Since the family is canonical polarized, and so the metrics on E = f * (K ⊗m X /S ) defined (4.1) and (4.3) are the same.
Let (t 1 , · · · , t d ) be the local holomorphic coordinates centered at a point p ∈ S and ν :
the Kodaira-Spencer map on the center fiber X = π −1 (p) and θ i ∈ H 0,1 (X, T 1,0 X) the harmonic representatives of the images ν( Let (X 0 , ω g ) be a Riemann surface with the Poincaré metric ω g . The Weil-Petersson metric on the moduli space M k is defined as
where θ i , θ j ∈ H 0,1 (X 0 , T 1,0 X 0 ) are the images of
) is isomorphic to the holomorphic cotangent bundle T * 1,0 M k . Hence, there are two Hermitian metrics on this bundle, one is the WeilPetersson metric and the other one is the Hodge metric defined in (4.3). In order to discuss the relations between these two metrics, we can consider the natural isomorphism
given by
Lemma 4.3.
(1) The operator T is well-defined;
The local inner product on the space Ω 0,1 (X 0 , T 1,0 X 0 ) is denoted by •, • 13 and sometimes it is also denoted by ·. That is, if η, µ ∈ Ω 1,0 (X 0 , T 1,0 X 0 ), η, µ = η · µ. It is easy to see that
The following lemma is well-known.
Lemma 4.4. The Hodge metric coincides with the Weil-Petersson metric on the moduli space M k . More precisely, T :
Similarly,
Let ∆ = ∂∂ * + ∂ * ∂ be the Laplacian operator on the space Ω p,q (X 0 , L 0 ) and ∆ 0 = ∂ * ∂ the Laplacian operator on C ∞ (X 0 ).
Lemma 4.5. We have the following relation between two different Green's operators
Proof. It is obvious that the right hand side of (4.8) is a well-defined tensor. Hence, without loss of generality, we can verify formula (4.8) in the normal coordinate of the Kähler-Einstein metric. Let {z} be the normal coordinate centered at a fixed point p, i.e.,
The Kähler-Einstein condition is equivalent to
at the fixed point p. Let s = f dz ⊗ e ∈ Ω 0,1 (X 0 , K X 0 ), at p, we have
where we use the Kähler-Einstein condition (4.9). Hence, at point p,
where we use (4.7) and g(p) = 1 in the last step. That is, at the fixed point p, (4.8) holds. 
Proof. If we set m = 2 in formula (4.4), (4.10) follows from formulas (4.4), (4.8) and (4.7).
Theorem 4.7. The Weil-Petersson metric is dual-Nakano-negative and semiNakano-negative.
Proof. We only have to prove the curvature tensor (4.10) is Nakano-positive and semi-dual-Nakano-positive. At first, we prove the semi-dual-Nakanopositive property. That is, for any nonzero matrix u = (u iα ), we have to show
Here we use similar ideas of [Liu-Sun-Yau08, Section 4]. Let G(z, w) be the kernel function of the integral operator (∆ 0 +1) −1 . It is well-known that G is strictly positive and in a neighborhood of the diagonal G(z, w)+ 1 2π log |z−w| is continuous. So we can write
Since the Green's function is symmetric, i.e., G(z, w) = G(w, z),
which is non-negative. For the Nakano-positivity, we can use the same method. It is easy to see that we can get strict Nakano-positivity since the Kodaira-Spencer map is injective.
Remark 4.8. In virtue of Lemma 2.4, the moduli space M k has the same curvature property as the Poincaré disk. It is optimal in the sense that the curvature can not be Nakano-negative at any point. In fact, it follows from the L 2 -vanishing theorems on M k (e.g. [Ohsawa82] ).
4.3.
Totally geodesic manifolds in Torelli locus. In this subsection, we study the existence of certain locally symmetric submanifold in moduli space M g of curves with genus g > 1 by using the curvature properties we obtain. At first we need the following rigidity result by W-K. To: To89] ). Let (X, g) be a locally symmetric Hermitian manifold of finite volume uniformized by an irreducible bounded symmetric domain of rank ≥ 2. Suppose h is Hermitian metric on X such that (X, h) carries non-positive holomorphic bisectional curvature. Then h = cg for some constant c > 0.
has finite volume, they V must be a ball quotient. In particular, any compact submanifold V in M g with j(V ) totally geodesic in (A g , ω H ) must be a ball quotient.
Proof. It is well-known that any totally geodesic submanifold of A g is also locally symmetric. Suppose j(V ) has rank> 1. Then by Siu's computation in [Siu80a, Appendix] , the holomorphic bisectional curvatures of the canonical metrics on irreducible bounded symmetric domains of rank> 1 are nonpositive but not strictly negative. Let h be the metric on j(V ) induced by the Hodge metric on A g . Hence, (j(V ), h) has non-positive holomorphic bisectional curvature. Let g be the Hermitian metric on V induced by the Weil-Petersson metric on M g . By Proposition 1.3 and Corollary 3.6, we see (V, g) has strictly negative holomorphic bisectional curvature. Since the Torelli map j is holomorphic and injective, by Theorem 4.9, h = cg for some positive constant c which is a contradiction. Hence, j(V ) is of rank 1, i.e. a ball quotient.
Corollary 4.11. Let Ω be an irreducible bounded symmetric domain and Γ ⊂ Aut(X) be a torsion-free cocompact lattice, X := Ω/Γ. Let h be the canonical metric on X. If there exists a nonconstant holomorphic mapping f : (X, h) → (M g , ω W P ), then Ω must be of rank 1, i.e. X must be a ball quotient.
Proof. Suppose Ω has rank > 1. Then by a result of Mok ( [Mok07, Theorem 4] or [Mok87] ), we see X must be totally geodesic in (M g , ω W P ). That is, the second fundamental form of the immersion must be zero. Since (M g , ω W P ) is dual-Nakano-negative, we see (X, h) is also dual-Nakano-negative, and in particular, (X, h) is strictly negative in the sense of Siu which is a contradiction. Hence the rank of Ω must be 1, i.e. X must be a ball quotient.
Curvature properties of Kodaira surfaces
In this section we will investigate various curvature properties on Kodaira surfaces. By definition, a Kodaira surface X corresponds to a non-trivial deformation of complex structures of Riemann surfaces of genus ≥ 2. Naturally, we can identify a point x ∈ X on the fiber X t with the punctured Riemann surface X t \ {x}, and we get a map from X to the moduli space M g,1 . This map lifts to local immersions to the Teichmuller space T g,1 . So there is a naturally induced metric on the Kodaira surface.
Let f : T g,n → M g,n be the universal curve. The Poincaré metric on each fiber of T g,n , which is a complete metric on the n-punctured Riemann surface with constant curvature −1, patches together to give a smooth metric on the relative cotangent bundle K Tg,n/Mg,n . It is well-known that f * (K ⊗2 Tg,n/Mg,n ) is isomorphic to the cotangent bundle T * 1,0 M g,n of the moduli space M g,n . For a given point z ∈ M g,n , the fiber of the bundle f * (K ⊗2 Tg,n/Mg,n ) is
is a Riemann surface of genus g with n punctures. The space H 1 (C z , T C z ) can be identified as the space H 0,1
Beltrami differentials where dA z is the Poincaré metric on C z . Let µ 1 , µ 2 be two such Beltrami differentials, the Weil-Petersson metric on the holomorphic tangent bundle of M g,n is defined by
As similar as Theorem 4.7, we obtain the following results Proposition 5.1. The curvature of Weil-Petersson metric g W P,g,n on the Teichmüller space T g,n of Riemann surfaces of genus g ≥ 2 is dual-Nakanonegative and semi-Nakano-negative.
Proof. The proof of this proposition is very similar to Theorem 4.7. For the reader's conveniece, we would like to sketch the proof here. Let µ i , µ j , µ k , µ ℓ ∈ H 0,1 (2) (C z , T C z ), then the curvature component R ijkℓ = R(µ i , µ j , µ k , µ ℓ ) of the Weil-Petersson metric ω W P,g,n is (5.2) R ijkℓ = − Cz e ij f kℓ + e iℓ f kj dA z where f ij = µ i µ j and e ij = (∆ 0 + 1)
where ∆ is the complex Laplacian and T = (∆ 0 +1) −1 is the Green's operator on C z with respect to the Poincaré metric. Now we can follow the steps in Theorem 4.7 to prove the curvature property. The only difference is, the Green's operator and its kernel function now defined on the complete (noncompact) curve C z . But by standard technique in analysis the difficulty can be overcame. We refer the reader to [Wolpert86] and [Liu96] and references therein.
Since for any Kodaira surface X there exists a holomorphic map Φ from X to T g,1 such that Φ is a local holomorphic immersion we have Proposition 5.2. Let X be a Kodaira surface. Let h be the naturally induced metric from the Teichmüller space (T g,1 , ω W P,g,1 ) with g ≥ 2.
(1) (X, h) is Griffiths-negative, i.e. (X, h) has negative holomorphic bisectional curvature; (2) (X, h) is semi-Nakano-negative; (3) X can not admit a Kähler metric with non-positive Riemannian sectional curvature; (4) X can not admit a Kähler metric with semi-dual-Nakano negative curvature.
Proof.
(1) and (2) follow from Corollary 3.6. For (3), suppose X admits a Kähler metric with non-positive Riemannian sectional curvature. It is wellknown that every Kodaira surface is algebraic and of general type. Moreover, c 2 1 > 2c 2 . Zheng proved in [Zheng95, Proposition 3] , that any compact Kähler surface of general type with c 2 1 > 2c 2 and non-positive sectional curvature must be strongly rigid. Hence Kodaira surface X is strongly rigid which is ridiculous.
(4) If X has a Kähler metric with semi-dual-Nakano negative curvature, that metric has non-positive Riemannian sectional curvature. However, in virtue of part (3), it is impossible. 
